Assignment 9.

Problem 1. Denote by f = 2% Then since a(A) < A(A) for all A € ¥, we have
0 < f(x) <1 a.e. Define

A={z: f(x)=0},B={z:0< f(z) < 1},C={z: f(z) =1}

Since a(A) = [, f(xz)d\ and f(x) = 0 a.e. on A, clearly a(A) = 0. Since a + § = X it is

clear that % =g(z)=1-9% =1— f(z) =0 on C and 3(C) = 0. On the other hand on
B,

do dp

a—f(l% ﬁ—l—f@?)

are both non-zero, hence

do f(z) g _1—f(x)

g 1—f(z) da  f(z)

which implies that a << § and ( << a.

Problem 2. If f,(x) — a in Lo(a) then f,(z) — a in measure with respect to a and it
then has a subsequence f,,, () — a a.e with respect to a. That subsequence still converges
to b in Lo(B) and by a similar argument has a subsequence converging to b a.e 3. We
end up with the same subsequence converging to a a.e. «, and b a.e. 3. If we denote the
subsequence by g; then with

A={z: lim gj(z) =a}, B={z: lim gj(z) =10}

Jj—o0 j—o0
we have AN B =0 and a(A°) = 5(B°) = 0.

Problem 2. This is a simple calculation.

/xida =aq

/fn(x)da =a
If i # j,
/ajixjda = a?, /(ajz —a)(r; —a)da=0

and

/x?da =a, /(xl —a)?da = a(l — a)

1



Jsn60) =t o= 53 [t

= %[na(l —a)]

a(l —a)

Z ‘/(l'i —a)(z; — a)da

i,j:17]

—0 asn— o0

Similarly [[f.(z) — b]?dB8 — 0. Now use Problem 1.



