
Hormander’s Theorem

Let L denote the operator

L =
1

2

k∑

i=1

X2
i + Y

where X1 , ·, , Xk , Y are C∞ vector fields in Rn. Assume that the Lie Algebra generated
by X1 , ·, , Xk , Y span Rn at every x. Then, if u is a distribution such that

Lu = f

and f is C∞ in an open set G, it is always true that u is C∞ in G.
Proof is in three steps.

Step 1. Let L have a fundamental solution p(t , x , y) with the following properties:

sup
0<t≤1

sup
|x−y|≥ǫ

|Dr
xDs

y p(t , x , y)| ≤ Cr,s(ǫ) < ∞

∫
p(t , x , y)f(y)dy → f(x)

in every Cr if f ∈ Cr. And the same is true of the adjoint.

∫
p(t , x , y)f(x)dx → f(y)

in every Cr if f ∈ Cr. In particular for f ∈ Cr,

sup
0≤t≤1

‖Ptf‖(r) ≤ Cr‖f‖(r)

and
sup

0≤t≤1
‖P ∗

t f‖(r) ≤ Cr‖f‖(r)

Then L is hypoelliptic.
Proof: Let x0 ∈ G. Let us find ǫ such that

B(x0 , 3ǫ) ⊂ G

and a C∞ function g which is 1 in B(x0 , 2ǫ) and 0 outside B(x0 , 3ǫ).

L(gu) = gLu + uLg+ < a∇g ,∇u >= f + h

where h is a distribution supported in B(x0 , 2ǫ)c

P1(gu) − gu =

∫ 1

0

Pt[L(gu)]dt

=

∫ 1

0

Pt f dt +

∫ 1

0

Pt h dt
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It is done.

Step 2. Hormander condition does not give smooth fundamental solution for the parabolic
equation. We do the following trick. Introduce an extra variable xn+1 and a function

ρ(xn+1) = 2 + sinxn+1

Define new vector fields
X̂i =

√
ρ(xn+1)Xi

for 1 ≤ i ≤ k,

X̂k+1 =
∂

∂xn+1

and
Ŷ = ρ(xn+1)Y

so that

L̂ =
1

2

k∑

i=1

X̂2
i + Ŷ = ρ(xn+1)L +

1

2

∂2

∂x2
n+1

One checks that L̂ satisfies the assumptions so that the conditions are fulfilled. So L̂ is
Hypoelliptic in the Hormander sense.

Step 3. If Lu = f in Rn then L̂u = ρ(xn+1)f in Rn+1 and if f is regular in an open set
G ⊂ Rn, then ρ(xn+1)f is regular in R × G ⊂ Rn+1. Therefore u which does not depend
on xn+1 is regular in R × G ⊂ Rn+1 and therefore in G.
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