Let o(s) and b(s) be "smooth” progressively measurable functions of w. Then so are

x(t):/o o(s)dBk(s)

and
y(t):/o b(s)ds
In fact .
£a(t) = [ 1£o(s) = o(s)as(s)
and

t
L = | Lb(s)d
)= [ oats
It is easily proved by approximating the integrals by a sum. One notes that
Lo(s)[B(t) — B(s)] = [La(s)][B(t) = B(s)] + o (s)L[B(t) — B(s)]
due to the independence of o(s) and [5(t) — 5(s)] and LB(t) = —5(t). If we do the Picard

iteration

x?(t):xi—l—/ Zaik(s,m”_l(s))dﬁk(s)—f—/ bi(s, 2" 1(s))ds
0 F 0

then denoting by Lz by X"

X020 = [ 2 < (Varu) 5.7 (). X7 4s) > dulo
k
—|—/0 < (bei)(s,:c?_l(s)),X"_l(s) > ds
t 2o (s, 27 (s n=l(s s
+/0§<vxom<, 1=1(s)), A" 1(s) > dfi(s)

—|—/ < V2bi(s, 2771 (s)), A" (s) > ds
0

where
Al(s) =< Dzi(s), Dxj(s) >

If we calculate the derivative of ' (¢) in some direction h = {hy} and denote the derivative
by Dpzj(t) by y;'(t), then

yi'(t) = tz < (Vo) (s, 27 (5)), 4™ (s) > dB(s)
0
k
+/0 < (Vmbi)(s,x?_l(s)),y"_l(s) > ds
t g (s, 2" (s s)ds
+ S ool o)
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We came across the equation
t
) = [ 30 < (Taoa)s.2 (51" () > du(o
0 &

+/0 < (Vmbi)(s,x?_l(s)),y”_l(s) > ds

while considering the solution of the SDE as a flow and the solution with y(0) = y repre-
sented the Jacobian of the flow. x(0) — z"(t). The Jacobian is of course just a matrix
and is given by M/(¢,0). It is clear that the limit as n — oo exists and is the gradient at
time t of the solution of the SDE viewed as a flow. More generally we can start at time
s < tand M(t,s) = {M,;(t,s)} is the Jacobian and satisfies.

M (ts, t1) = M(ts, t2)M(t2,t1)

for t; <ty < t3. By variation of parameters we can calculate in our case the limit of y™ ()
exists and equals

Dpx(t) = y(t) = /0 M(t,s)o(s,x(s))h(s)ds

In other words [Dz(t)](s) = M(t,s)o(s,z(s))1s<s. The Malliavin covariance A(t) =
{A;;(t)} is given by

A(t) = /O M{(t, )a(s, 2(s))M*(, 5)ds

with a = 0o*. We see now that the solution x(t) is ”smooth”.

In the elliptic case, a > cl.

A) = et inf M (8 9)2]?

llzll=1

We had estimates on the inverse of M (s,t) while proving that the flow was a diffeomor-
phism. Hence elliptic equations have a nice fundamental solution.



