Ergodic Theorems: Suppose
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is the generator of a process. Assume that {a;;} are continuous and strictly positive
definite, i.e. {a;;} is positive definite for each = € R?. An invariant probability measure
is one for which
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for every Borel set A C RY. First u must be absolutely continuous, i.e. u(dy) = ¢(y)dy
for some ¢ € Li(R?). The proof depends on the fact that p(¢, x,dy) in fact has a density
p(t, z,y)dy for every t > 0, and z € R?. We would like to prove the following.

1. Uniqueness. pu(dx) = ¢(x)dx is unique. ¢(z) > 0 a.e.
2. Law of Large Numbers. With probability 1 with respect to any P,,

t—o0

lim %/0 f(x(s))ds:/f(y)cb(y)dy

for any bounded measurable function f(-).

3. Convergence to equilibrium.
tlggo/ p(t, 2, y) — d(y)ldy = 0

4. Central Limit Theorems. If [ f(y)¢(y)dy = 0, under additional assumptions
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has an asymptotic normal distribution for large ¢.

5. Large Deviations from the Ergodic Theorem. Study the large deviation behavior
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Uniqueness: Uniqueness and ergodicity are related. Let p be an invriant probability
measure for the Markov process. This means that if we start with initial distribution p the
P, = [ P,du(x) is staionary process for ¢ > 0 and can be easily extended as a stationary
process for —oo < t < co. If P, is not ergodic with respect to trnaslations, then there
exists a trnaslation invariant set E on the space C[(—o0, 00); RY] of trajectories such that
0 < P,(A) < 1. We will show now that E can be chosen to be of the form 2(0) € A for some
Borel set. Note that any measurable set E can be approximated by sets measurable with
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respect to the o-field o{z(t) : |t| < T} and if it is translation invariant can be approximated
by a set from o{x(t): T <t < 2T} as well as from o{z(t) : =27 <t < —T'}. In particular
it is in the past o{z(t) : t < =T} as well as the future o{z(¢t) : t > T'}. But for a Markov
process given the present x(0) the past and the future are independent. This means given
x(0) the set E is indpendent of itself. Therefore P[E|z(0)] = 0 or 1. Now E can be
identified with the set {z(-) : P[E|x(0)] = 1}. If there are two invariant measures p1, 2,
then clearly P, with = £[11 + po] can not be ergodic.

In particular if the invariant measure p is not unique we can find a partition of
RY = AU A° such that the restrictions of ;1 to A and A€ are both invariant. This means
for every t > 0, p(t,x, A) =1 for a.e. z € A and p(t,x, A°) =1 for a.e x € A°.

We note that, from PDE, we can obtain that p(¢, x, A) is a jointly continuous function
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of t,x for t > 0. In partcular y : p(t,y, A) > 5 is an open set U, and for almost all z € A°

p(t,z,U)=0

N |
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Therefore to prove uniqueness it suffices to show that given € R? and any open ball B,
p(t,z, B) > 0 for some t > 0,7 € R% any ball B. Suppose P,[z(t) € B] = 0 for all t. By
Girsanov’s theorem the same is true if we change the drift, and also if we rescale time.
Therefore

Q:[z(t) € B =0

where @, corresponds to
€
:Qzai,j< w"’ZGb z) + ¢;(2)]D;
,J

with {c;(x)} having compact support. If we let ¢ — 0 the same is true for the limit. But
the limit is just an O.D.E and we can pick our coeffiicients!. This can not be true.

This proves the uniqueness of u and the ergodicity of P,. It is not hard to see that
from
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and the existence of a density p(t,x,y) we can Conclude that p in fact has a density 7(z).
The positivity of ¢(x) again come from PDE. If [, ¢ 4 ¢(x)dx = 0 for a set with positive
Lebesgue meausre, then p(t,z, A) would be 0 for all z and t > 0, and the PDE estimate
shows the convergence of p(t,:z:,A) — xa(x) in L, as t — 0. Another way of verifying
uniqueness is by a direct argument. Let 7(x,y) = p(1,z,y). If p is invariant then, it is
invariant for 7(z,y) as well. Hence

/ m(z,y)dyp(de) = p(dy)
This implies that p(dz) = ¢(x)dz and
[ @ ota)ds = o)
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If there are two solutions let us denote their difference by ¢(x). Then [ (z)dz =0,

[ vtz = ()
/\w iyl = [1 [ wntedelay < [ [ 1o@)intepdedy = [ o)z

In particular for almost all y,

| / (@)m(z, y)de| = / (@) |z, y)de

This can not happen unless ¥ (x) is of one sign. But it has integral equal to 0. Hence
Y =0.
Ergodic Theorem. Because of ergodicity we know that with probability 1 with respect

to any P,,
tim 5 [ fatods = [ oty

for any bounded measurable function f(-). On the other hand form the positivity of
p(t,x,y), for t > 0, p(t,x,y) and p are mutually absolutely continuous. By the Markov
property if we ignore a small initial segment of time then the almost sure convergence
w.r.t. P, gives a.e. convergence w.r.t P, for any x.
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Convergence to equilibrium. This is not much different from uniqueness. Let us denote
by

§(t, ) /Iptwy (y)|dy

then

5(t+ 5,2) = / | / [p(t, 2, 2') — ()lp(s, ', 2)d2’|dz

/|pt x,2") — ¢(2)|p(s, 2, z)dzdz'

proving 6(t,z) is | in ¢ for fixed x. It is therefore sufficient to prove that d(n,x) — 0
as n — oo. We have a Markov Chain with almost surely positive transition density
7(z,y) = p(1, z,y) satisfying, z — 7(z, ) is continuous as a map into L;(R?) that admits
an invariant probability density ¢(z). We need to prove that for compact K,

lim sup/|7r x,y) — o(y)|dy

=0 e K



The basic idea here is coupling. Let us take two copies with transition probability
(w1, T2 dy1, dya) = /min{ﬂ(w‘h y)m(@2,y)}o(y — y1) x 0(y — y2)dy
+ [nGe19) — mingr(er, )z, ) Hoto = 1)y
[ Irtossy) mingr(es, ), )6 — )y
In words, if g(y) = min min{w(z1, y)7(x2,y)} the two components jump on to the diagonal
y = y1 = yo with density g(y)dy and jump indpendently with the remaining probability.

Once they are on the diagonal they stay on the diagonal. It is not hard to see that each
component evolves according to w. Therefore

[ 157 @1.) = 7" )y < 7,0 (01 # 92)) = o)

and if r,(z1, x2,dy;, dys2) is the part of 7" away from the diagonal

On+1(x1,x2) = 0 (21, 22) — 2/min{ﬂ'(ylay)77r(y2:y)}rn($17$27dylady2>dy

Since ¢,, > 0 we must have

/min{ﬂ(yh Y), (Y2, y) }rn(x1, T2, dy1, dyz2)dy — 0

as n — 00. Since 7(z,y) > 0 a.e, this is possible only if

T’n<.’131, T2, dyb dy?) — 0
lyp|<e
lya|<e

On the other hand if the total mass of r,, does not go to 0, we must have

lim liminf 7, (z1, z2, {|y1| > LU |y2| > €}) > c >0

{—o00 N—00

Since
Tn(x1, 22, {{y1| > €U |yo| > £}) < 7" (w1, [y1] > €) + 7" (22, |y2| > 1)

this contradicts the ergodic theorem
1<
LS (e, A) — p(A)
n
i=1

Central Limit Theorem. Consider

A(t)z/o fx(s)ds
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If [f(z = 0, one can expect to prove the C.L.T that states
Alt
—\[

The proof depends on ability to solve
Lu=—f

with a nice u. This is the Fredholm alternative. Then by Ito’s formula

ualt) ~u(@) = [ o (a(s)) (V) (@ / I

Therefore

A(t) :/0 o(x(s))(Vu)(x(s))dB(s) — u(xz(t)) — u(z)

Dividing by v/t if we assume that “(m—\/(zt)) — 0 as t — 0o, we need only analyse

|

= [ oo T 56) = 35 [ < alals) Vulals), Vuta(s) > )
and by the ergodic theorem this converges to 5(02) ~ N(0,0?) with

7 = [ <a@)(Vu)(@), (Va)(@) > du(z)
One can work with approximate solutions of Lu = —f namely
)\UA - Eu,\ = f

and reduce the CLT to the behavior of uy as A — 0. One needs

A / lulPdy — 0

/ < a(x)(Vua(z) = g(2)), (Vur(z) — g(z)) > du@) — 0

and

for some g. One then applies Ito’s formula to uy(x) and chooses A = t~!. The errors are
easily controlled.
To see this we need to control



Starting from the equlibrium g
IXA(0)]l2 < Welluallz < VA[lul2 — 0
As for the stochastic integral part we have the CLT valid for

My(t)
=

The difference between between My, () and My, (t) is easily estimated by

1 t
= / o (2())(Vuun) (2(5)) dB(s)

%E [[MA1 (t) — sz(t)ﬂ

= / < a(z)(Vux, (z) = Vur, (2), (Vur, (2) = Vs, (2)) > du) — 0

A special situation is when L is self adjoint with respect to p. Then one defines the
Dirichlet norm by

lullf = / < a(z)(Vu)(z), (Vu)(z) > dp()

and the dual norm
i p— A
u [Jwllx

The finiteness of || f||—1 implies both the conditions needed for CLT and this is easily seen
by the spectral theorem. If k(do) is the spectral measure of f with respect to £, then the

assumption is
1
/ —dk(o) < 00
o+ 9

The conditions to be proved are

<A

I A _
i ) Gropide) =0
and
im [ — L oar(e) =0
A—0 fo o (A +0) (Ao +0)

Ag—0
Both are consequences of the dominated convergence theorem.

Large Deviations. We wish to estimate

AL / F((s))ds > 0

where ¢ > [ f(x)du(z). Does this decay exponentially? If so what is the rate? We will do
one example. Brownian motion on the circle. The operator is £ = %% acting on periodic

functions of period 1. The invariant measure is just Lebesgue measure. ¢(z) = 1.
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One way to estimate the rate is to try and compute

hm logE [ / f(x ds] = F(o)
Then by Tchebechev’s inequality
/ fz(s))ds > €] < e otHtE(@)Toll)
and
hmsupllogP / flz(s))ds > 4] < F(o) — lo

Optimizing over o > 0,

1 1 [
lim sup : log Px[; /0 flz(s))ds > 4] < — SL;I())[EJ — F(0)]

It is not hard to see that F'(0) = [ f(z)dz, and therefore for £ > [ f(z)dz

ililg[fa ~ F(o)] = suplto — F(0)]

The same is true in the other side. The large deviation rate function can be then

I(¢) = sup[loc — F(o)]

o

What is F'(c)? We can look at Feynman-Kac formula and

_ 5, {a /Ot f(a;(s))ds}

1
5 Uac +ofu;u(0,z) =1

If we denote the eigen values and eigen functions of %um +ofu by {\;,¢;}, then

ut.0) = Y os@e™ [ o5()dy

The eigenvalues tend to —oo and the one that counts will be the largest one, the principal
eigen value. Note that ¢;(y) > 0. Hence

solves

Ut =

F@)=nlof) = swp (o [ f@)ga)de 5 [ lg.Pda]

lgll2=1
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We can rewrite this as

Fo)=nh)= s o [ g [12Ea]

fg(w)dmzl

This has an interpretation. Instead of ——22 modify with a drift

Eg:§ x?

L& g d
d 2g dx

This has invariant density g. Now the erigodic theorem will produce g averages. The
process then will behave like a process with invariant density g. Call this process Qg ;-

apP,

Our set A will have @), , measure 1. We need to concentrate on how small the derivative
dCClQ]: - can be on A. By Girsanov formula

dQg [ = 1 9320(5’3(8))
log ap, —/%(x(s))dx(s)— g/mc{s

The ergodic theorem under @, , will produce a limit

2
%1 ng” /g‘rd /gﬂﬁd /%’dag

giving with the help of Jensen’s inequality a lower bound of

2
exp [— é/%dm}

for a Brownian Motion to behave like a process with invariant density ¢ for a duration ¢.
This provides for our original estimate

920, [ gae=1
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