The simplest example is a system of noninteracting particles undergoing independent
motions. For instance we could have on T2, L ~ N particles all behaving like independent
Browninan Particles. If the initial configuration of the L particles is such that the empirical

distribution
da: NS Z 5”32
has a deterministic limit pg(z)dz, then the emplrlcal distribution

+(dx) =3 Z O, (1)

of the configuration at time ¢, has a determlmstlc limit p(t,z)dr as N — oo and p(t,z)
can be obtained from po(x) by solving the heat equation

dp 1
at 2
with the initial condition p(0,x) = po(x). The proof is an elementary law of large numbers
argument involving a calculation of two moments. Let f(z) be a continuous function on T

and let us calculate for )
U= N3 Z f(i(1))

the first two moments given the initial configuration (x1,--- ,xp)

Ngz/ F@)p(t, =i, y)dy

and an elementary calculation reveals that the conditional expectation converges to the
following constant.

/ F@p(t, ) po(z)dydz = / F)olt,y)dy
T3 JT3 T3

The independence clearly provides a uniform upper bound of order N =3 for the conditional
variance that clearly goes to 0. Of course on T2 we could have had a process obtained
by rescaling a random walk on a large torus of size N. Then the hydrodynamic scaling
limit would be a consequence of central limit theorem for the scaling limit of a single
particle and the law of large numbers resulting from the averaging over a large number of
independently moving particles. The situation could be different if the particles interacted
with each other.

The next class of examples are called simple exclusion processes. They make sense on any
finite or countable set X and for us X will be either the integer lattice Z¢ in d-dimensions
or Z‘fv obtained from it as a quotient by considering each coordinate modulo N. At any
given time a subset of these lattice sites will be occupied by partcles, with atmost one
particle at each site. In other words some sites are empty while others are occupied with
one particle. The particles move randomly. Each particle waits for an exponential random
time and then tries to jump from the current site x to a new site y. The new site y is picked
randomly according to a probability distribution 7(z,y). In particular Zy m(x,y) =1 for
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every x. Of course a jump to y is not always possible. If the site is empty the jump is
possible and is carried out. If the site already has a particle the jump cannot be carried
out and the particle forgets about it and waits for another chance, i.e. waits for a new
exponential waiting time.

If we normalize so that all waiting times have mean 1, the generator of the process can
be written down as

(A =D n@)A =), ylfH™) - fn))

where 7 represents the configuration with n(x) = 1 if there is a particle at « and n(z) =0

otherwise. For each configuration n and a pair of sites x,y the new configuration n*¥ is
defined by

n(y) if Z=ux
nY(z) = qnx)if 2=y
n(z) if z#x,y

We will be concerned mainly with the situation where the set X is Z¢ or Z;iv, viewed
naturally as an Abelian group with m(z,y) being translation invariant and given by
m(x,y) = p(y — x) for some peobability distribution p. It is convenient to assume that p
has finite support. There are various possibilities.

p is symmetric i.e. p(z) = p(—=z)
or more generally

p has mean zero i.e. Z zp(z) =0
z

and finally
Z zp(z) =m #0

z

We shall first concentrate on the symmetric case. Let us look at the function

Vi) = 3 J(a)n(a)

and compute

(AV) () =D n(x) (1 = nm)p(y — )(J(y) - J(2))
=> n@)ply — x)(J(y) — J(z))
z,y
=> n@)[(P - I)J](z)

=Vie—ns(n)
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The space of linear functionals is left invariant by the generator. It is not difficult to see
that
E,[Vi(n(@®)] = Vyw(n)
where
J(t) = exp[t(P —I)]J
is the solution of
d
aJ(t,:p) =P-DJ(t,z)

It is almost as if the interaction has no effect and in fact in the calculation of expectations
of ‘one particle’ functions it clearly does not. Let us start with a configuration on Zﬁlv and
scale space by N and time by N2. The generator becomes N2A and the particles can
be visualized as moving in a lattice imbedded in the unit torus T¢, with spacing %, and
becoming dense as N — oo.

Let J be a smooth function on T¢. We consider the functional

1 T
€(t) = wa Zx: J(y)m(2)
and we can write

t
£(t) — £(0) = /0 Vav(n(s))ds + M (1)

where

Vn(n) = (N?AV))(n) = Vi (n)
with

(IN)O) = N> Y [T+ =) = J(6)]p(=)
~ S (Bc)(6)

for § € T. Here A refers to the Laplacian

82
Z Cid 8$18$C yi

i?j

with the covariance matrix C' given by
Cij= Z zi2jp(%)
z
Mp(t) is a martingale and a very elementary calculation yields
E{[MN(t)]Q} <CtN

essentially completing the proof in this case. Technically the empirical distribution vy (t)
is viewed as a measure on T? and vy () is viewed as a stochastic process with values in
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the space M(T?) of nonnegative measures on T¢. In the limit it lives on the set of weak
solutions of the heat equation

dp 1

LA

ot~ 2°¢F
and the uniqueness of such weak soultions for given initial density establishes the validity
of the hydrodynamic limit.

Let us make the problem slightly more complicated by adding a small bias. Let ¢(z) be
an odd function with ¢(—z) = —¢(z) and we will modify the problem by making p depend
on N in the form

pN(2) =p(2) + 4a(2)

Assuming that ¢ is nonzero only when p is so, py will be an admissible transition probability
for large enough N. A calculation yields that in the slightly modified model referred to as
weakly asymmetric simple exclusion model Vi is given by

Var(n) = Vo () + 53 S n(a)(1 =) <m VI (2) >

with
m = Z zq(2)

If one thinks of p(t,0) as the density of particles at the (macroscopic) time ¢ and space 6
the first term clearly wants to have the limit

/T B @p(t,0)d6

It is not so clear what to do with the second term. The ‘invariant’ measures in this model
are the Bernoulli measures with various densities p and the ‘averaged’ version of the second
term should be

/ <m, (VI)O) > p(t,0)(1 — p(t,0)dd
Td

Replacing the linear heat equation by the nonlinear equation

ap 1
— =—-Acp—V"- 1—
5 = gl mp(l — p)
This requires justification that will be the content of our next lecture.

Let us now turn to the case where p has mean zero but is not symmetric. In this case
_ Yy x
V() = N2 (@) (1= n(y)ply — )T () = T (55)]
T,y

and we get stuck at this point. If p is symmetric, as we saw, we gain a factor of N2,
Otherwise the gain is only a factor of N~! which is not enough. We seem to end up with



where

T, =) Y (1 —n(e+2)zp(z) + (1= n(x) Y_nle - 2)zp(2)]
= [=n(2) ) _n(@+2)zp(z) + (L —n(2)) Y 0z —2)zp(2)]
=D (e —2)zp(z) = n(x) Y (n(z +2) +nlz - 2))zp(2)]

z

=71, ¥

with 7, being the shift by x. The second sum is zero in the symmetric case and ¥, can
then be written as a ‘gradient’

Py = ZTEjEj - gj
J

where 7., are shifts in the coordinate directions. This allows us to do summation by parts
and gain a factor of N~!. When this is not the case, we have a ‘nongradient’ model and
the hydrodynamic limit can no longer be established by simple averaging.

The important ingredient in the analysis of gradient models is the ability to do aver-
aging and replace quantities by their expected values calculated under various equlibrium
distributions. Suppose pyis a probability measure on the space 2x of configurations n on
the periodic lattice Z?V. We wish to think of uy as being a Bernoulli measure with some
density p. The density p is not quite a constant, but a slowly varying function on function
on Zﬁl\,, and in fact a function of the macroscopic variable §. Let g = g(n) be a local
function depending on the configuration in some finite box around 0. By Awveyg we will
denote the averaging process over the block(cube) By = {z : |z;| < £; 1 < j < d} of side

20+1
1

(Avegg)(n) = W zgz;l g(7.1m)

If g(n) = n(0) this produces the empirical density ;9. For any local g we can calculate its
expected value with respect to the Bernoulli measure with density p and get

g(p) = BT [g(n)]
Averaging means, replacing (Avegg)(n) by G(7¢,0) or more precisely showing that the
error

1 nr
o= B | g X (Aveg) () = a(01.)
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goes to zero as N — oo so long as £ — oo and % — 0. What property of the sequence py
will allow us to make such a conclusion? Dirichlet Form. Given the density {f(n)} with

respect to the uniform distribution of a probability distribution p on Z<;, the Dirichlet
form Dy () is the quantity

Da() = 532 3 S0 W) — /Tl
n

d
meZN

lz—y|=1

Remark: One should think of the inner summation as being over all the nearest neighbor
bonds. The outer summation with the factor Qﬁ is integration with respect to the uniform

distribution on Qy. Since f is a nonnegative Li function, its square root will be natu-
rally an Lo function and we are really dealing with the Dirichlet form of /f. Theorem

(Averaging principle). If uy on Qp is such that
Dy (un) < CNO2
for some constant C' independent of N, then for every local g

lim limsup dn v =0

e~V N—oo

Proof: The proof is carried out in two steps. First we show that

lim limsupdy, =0

£=00 " N
and then

| 1 o

liy [Nd > i - mve,xl] =0

£—00 xEZ%

Since g(p) is a polynomial in p, the two steps together will suffice to prove the theorem.

Step 1:The details of the proof can be found in [KOV] we will only sketch it here. Suppose
By is a block of size 2¢ + 1 and q¢(n) is an assignment of probabilities for the 2(20+1)¢
possible configurations. We view the block non-periodically and we have (2¢)? interior

nearest neighbor bonds. The Dirichlet form is given by

Dilar) = D, Waeln™) = Va()P

z,yEBy
lz—y|=1

Given a probability distribution pun on 5, we denote its marginal on a block of size 2¢+ 1
centered at x by vy y, and by 7, y we denote the average

1
Vg N = W Z Vo, N,z

d
RSV A
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over all the sites x. If g, n(7) are the individual probabilities a simple consequence of the
convexity of D(v) in v yields

20,4 20, C(20)4

Dyar) < o) Dvlan) < (o) onei=2 = S120

It follows that any possible limit ¢, of gy n as N — oo has the property D;(q;) = 0.

Any probability distribution with Dy(g;) = 0 is invariant under permutations and the

conditional distribution of occupied sites, given the total number of particles k, is uniform

over all possible subsets of cardinality k. If we denote this uniform distribution by A,

then
vi=> Aexm, (k)
k

Since Agj converges to the Bernoulli with density p, as ﬁ — p (uniformly in p) it
follows that
lim sup E"[|Aveg g(n) — g(Avegn)|] =0

f—o0 y,
This completes step 1.

Proof of Step 2: For step 2, we need only establish that the local density 7, does not
fluctuate over small macroscopic length scales. This will follow from the estimate

1
limsup limsup sup E*V [d Z 10,2 _ﬁ€7x+y|:| =0
£—00 N—oo |y|<Ne N d
e—0 xezN

If we take two blocks of size 2¢ 4+ 1 centeerd at x and x + y there is no bond connecting x
and x + y which are far from each other. We can introduce a Dirichlet form for this bond.

Daasy(@) = Y [Vam"* ) — V/a(n)?
n

and this can be estimated, by writing the difference as a telescopic sum over exchanges
involving nearest neighbors and applying Schwartz’s inequlaity, interms of Dirichlet forms
for nearest neighbor bonds. If we denote by vy n 4 »+, the joint marginal over two widely
seperated blocks of size 2¢ + 1 centered at  and = + y, and by

1
ViNy = Nd Z Ve,N,z,z+y

xGZ%
the average over all rigid spatial translations of the pair of blocks
Droy(Peny) < ClyPN™2 < O

It follows, by pure thought, (once e — 0, the two averages are essentially averages over two
halves of a combined system of 2(2¢ + 1)¢ sites which is in equilibrium), that

1
limsup limsup limsup sup E*V [d E T2 — Mt ,z-ty @ =0
t—oo €20 N—oo |y|<Ne N z€Z4
N
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Because e is not very different from the average Avejy|<neez+y step 2 is essentially
complete.

Super Exponential Estimates: Let us denote by Py the measure corresponding to
the process on D[[0,T]; Qy] starting from some initial distribution. We want to replace
additive functionals of the form

A Nd ZJ ((r2m)(s ))ds

by
/0 Nd Z I+ f? (TNew)(s))ds

and for the difference

e[ o 3 7o) )ds I o 2 (i) 5

we obtain the following superexponential bound.

Theorem: For any § > 0

lim sup lim SUp g log PN[|Fn| > 6] = -0

e—0 N—oo

Proof: It suffices to prove that for any A > 0

) _ }
lim sup lim sup — N EPN exp [)\NdFN] =0

e—0 N—oo

By Holder inequality we can reduce it to equilibrium and, it is sufficient to prove

1 —
lim sup lim sup WEPN exp [)\NdFN] =0

e—0 N—oo

where Py is initializes to start from Bernoulli with density % By Feynamn-Kac it is
reduced to an estimation of an eigen value. More precisely we only need to show that for
every A > 0
1
lim sup lim sup — N [sup EY [Nd)\FN} — CNQDN(V)] =0
14

e—0 N—oo
or

DN )} =0

The apperance of the constant ¢ is because the actual Dirichlet form involves p(-) and if we
assume irreducibility we can get a bound. The factor N? is due to the speed up of time.
If Fy is bounded by A, we will only see v with

lim sup lim sup [sup E¥ [)\FN]

e—0 N—oo

Dn(v) < M -2 _ ¢pyi-2
c

We are done due to the earlier result.



Application 1: Weak asymmetry. If QQn is the process with weak asymmetry then

dQn
Ry = <N
N 4Py

can be explicitly calculated by Girsanov type formula and
EPN [RY] <exp [C’Nd]
Therefore Qn inherits the super exponential bounds. This establishes the hydrodynamic

limit for weakly asymmetric perturbations.

In fact if we perturb p(-) by a skew symmetric & with ¢ of the form ¢(t, %,-) so that
the generator looks like

N )L —n(y))ply — 2)[f (") — f ()]

'Tﬂy

and the means are calculated as

b(t,0) =Y zq(t,0,z),

then the hydrodynamic limit is
dp 1
— ==-V-CVp—-V_-bp(1—
5 2V Vp—V-bp(l—p)

Application 2: Large Deviations. The Entropy cost of the perturbation is calculated
easily by the use of Girsanov’s formula

T x
H@y P) = 59| [ (o)1 = mlwex e, oy - o)

where c is the relative entropy of one Poisson distribution to another

C(t,0,2) = (N*(2) + Na(t, 0, 2)) log 2121t Na(t:6.2)

N2p(z)
— (N?p(2) + Nq(t,6, 2)) + N*p(z)
L a(t,0,2)
2p(2)
It is clearly in our interest to minimize
1 >(t,0,2)
2 ZZ: p(2)

subject to

qu(t,ﬁ,z) =b

z
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and the minimum is seen to be .

5 < b,C7 1>
so that the minimal entropy cost Hy for the large deviation of the empirical density from
the solution of the normal hydrodynamic limiting equation

dp

— == 1
T 2V CVp (3.1)
to the solution of
ap 1
5% §V-C'Vp—v‘bp(1 -p) (3.2)
is
Hy ~ N (b)
where .
1
= 2Nd/ / p(t,0)(1 — p(t,0)) < b(t,0),C b(t, 0) > dtdh (3.3)
0o Jrd

We have now a large deviation lower bound for a p not satisfying (3.1). Find the class
B(p) of b’s that satisfy (3.2) and optimize £(b) given in (3.3) over b € B(p) . In other words
we have established the large deviation lower bound with the rate function

1(p) = int £0) (3.4)

We now work on the upper bound. We start with a class of exponential martingales. For
any smooth test function J(¢,0)

EPN[exp[ZJ ZJO*UO / ZJtt*m

- NQ/ 2o ply = e =~ m) et 30— I )] - 1]M -
The quantity
N2 " ply — x)me(x) (1 — m(y)) [expl (¢, %) o %)] 1]
simplifies to

5 VOV ) + 5 S ply — o)1 - )| <y -7, (VI ) > P

Because of super exponential bounds we can effectively average the second term, even for
large deviation purposes and interms of the density p, the expression looks like

T
N4 [1 / V- CVJ(t,0)p(t,0)dtdd
2 0 Td

+ % /OT /Td < VJ(L,60),CVI(t,0) > p(t,0)(1 — p(t,6))dtdd
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Formally we are looking at
EPN [exp [NdFN]] =1
where
Fn = Fng(p(-+))
o~ / J(T,0)p(T,0)do — / J(0,0)p(0,0)db — /T/ Ji(t,0)p(t,0)dtdo
Zd Zd 0 Jzd

1 T
_1 / V- CVI(t,0)p(t,0)dtdd
2 0 Td

1 (T
-3 / / < VI(t,0), CVI(E0) > p(t,0)(1 — p(t, 6))dtdo
0o Jrd
By standard large deviation theory one gets an upper bound with a rate function

sup Fiv s (p(-, )
J

that is easily seen to equal (3.4).



