1. EMPIRICAL PROCESSES.

Let us return to the situation of a Markov chain on a finite state space X, having 7(x, y)
as the probability of transition from the state x to the state y. We saw before that

lim  log By [explV(X1) +V(X2) + -+ V(Xa)]] = A(V)

n—oo N

exists and is independent of x. More over the limit A\(V') is given by a variational formula

A(V) =sup [ Y V(z)q(z) — I(q)]

g€P T,

where ¢ = {q(x)} is a probability distribution on X, P is the space of such probability
distributions and I(q) is the large deviation rate function for the distibution @,, on P, of
the empirical distribution

1 n
Pol@) = 1D (X))
=1
We want to generalize this to study limits of the form

Ao (V) = nILrgO % log E, [exp[V(X1,X2) +V(Xo, X3)+ -+ V(Xn,Xn+1)]].

To this end we construct a Markov Process on a new state space X@ = X x X where the
transitions from (z1,x2) to (y1,y2) are possible only if 9 = y; and the probability of the
transition is 7(z2,y2). In other words we carry a memory of one previous state as part of
the current state. Although the transition probabilities on this enlarged state space are
not all positive, they all become positive after two iterations and this is sufficient to extend
the previous analysis to this case. If ga(-,-) is a probability on X(?), the rate function
I5(qo) is finite if and only if ) ga(z,a) = Y, g2(a, x) for all a, i.e the two one dimensional
marginals of g2 are identical. For such a gy we can write ¢2(x,y) = a(x)B(y|z) interms of
a marginal and a conditional. Then a calculation shows that

I(q2) = Z a(z)H (x)

T

where H is the relative entropy

Bly|x)
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Now the rate function is more explicit than before and the connection is through the
contraction formula

H(z) = B(yle)log
y

I(q) = inf I
(9) nf, 2(q2)
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where P, are those probability distributions X x X that have both marginals equal to the
given distibution ¢ on X. This can be extended to consideration of limits of the form

1
Ae(V) = lim ~log By [exp[V(X1, Xz, -+, Xp) +V(Xo, Xp, -+, Xyy)
+ - V(X'ru Xn+17 e ,Xn+k,1)]:|

by means of a rate functional Ij,(q;) on probability distributions gz on X*) = X x X ... x X
that is finite only for those q; that have the same projection on the first K — 1 components
as the last kK — 1. The ¢ is written as

Qe(w1, T2, xp) = (21, T2, - -, 1) B(@p|T1, T2, -+, TR—1)
and
Lg) = Y. alzn,oe,- a1 H(z, 2, 25e)
T1,T2,0 o1
where

,B(xk‘fljl, Ty 7xk—1)
T(Tg—1, Tk)

H(zy, 29, ap-1) = »_ Blaplzr, 22, wp-1)log
Tp

is the relative entropy. The final step is to combine it all with a rate function I(x) on the
space M of stationary X-valued stochastic processes defined by

I(p) = Eu[H(w)]
where

H(o) = Y el og 1)

is the relative entropy of the conditional distribution

B(rlw) = p[X1 = 2[Xo, X 1, -]
of the process at time 1 given the past upto time 0 with respect to the Markovian conditional
distribution 7(Xg(w), z) where Xy(w) is the 0-th coordinate that is part of the past. If we

denote by IIj, the projection from Q — X*) as well as the induced map from measures on
Q to measures on X %)

Ii(qr) = ot I(p).

Remark: One of the applications of such a general formula is to the study of limits of the

type

lim ?lzlogEm[eXp Z [pli—jIV(Xi,Xj)]
ij=1

for a symmetric function V on X x X.
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Proof. Let us do the independent case. {X;} are i.i.d with a common distribution = (dz)
We begin by estimating

1 n
~ log EPlexpd V(Xi, ..., Xipp]]

i=1
for an any bounded continuous function V(xy, z2,...,2%) : X ¥ — R where k is any positive
integer. Replace n = nk
kEk n
eXpZV 2R Z-‘rl 1 = exXp ZZV X(’L 1k+]7X(z 1)k+]+17'--aXik+j—1)]
7j=11i=1
1 k
= Z Z X1kt X(i—Dkrjrts - Xiktjo1)]
7j=1 =1
n
Flexp ZV ir e Xipioa]] < EPlexplk Y - V(X G- tyhtss Xo1yorjits - » Xikbj—1)]]
i=1

= [Ep[exp[k:V(Xl, . -,Xk)“]n

n

. 1
hmsup—logEP[exp[Z V(X oy Xigp—1)]] < z logEP[exp[kV(Xl,...,Xk)]]

n
oo i=1

If X1, Xo,..., X, is a realization, we extend it periodically both sides to get a periodic
random infinite sequence

wn:(...,XI,XQ,...,Xn,Xl,XQ,...,Xn,Xl,...,...)

It defines a periodic orbit of period n and the orbital measure R,, = + =D (5Tjw defines
a random stationary process that we call the empirical process. Its margmals are the
empirical distributions of {X;}, {Xi, Xi11}, ..., {Xi, Xit1,... Xiyr_1} etc except for the
effect of periodization at the edges which is not significant if k is fixed and n is large. We
now have bounds

<1 log E¥ [exp[kV (X1,..., Xp)]]

o

1
lim sup EP[eXp[n/V(xl,a:Q,..., k)dRy]] <

N—oo
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It provides a large deviation upper bound with rate function

1
IP(R) = sup [/V($1, Ly e evy IL‘k)dR - % log EP[exp[kV(Xl, ceey Xk)“:|
kV

1 1
=sup |- / V(x1,x9,...,25)dR — —log E¥ [exp[V (X1, ..., X})]]
kv LKk k

1
= sup o [/V(:Ul,xz, ..., xp)dR — log E¥ [exp[V (X1, ... ,Xk)]]}
k,V

1
=sup [/V(wl,acg, ..., xp)dR — log EF [exp[V (X1, ... ,Xk)]]}
k

1
= sup %H(Rﬂpk)
)

- / H(Ro(dz): 0)dR

where R, is the conditional distribution of X given the past and « is the common distri-
bution of, {X;} i.e. the one dimensional marginal of P. O

The last step follows from the following observation.
H(Rn|Py) = E[H(Ri|o)] + H(Ry, w)|er) + H(Rp,w)|a)]
where R;,, for j > 2 is the conditional distribution of x; under R given (x1,...,2j—1).

E[H(Ry,,)] is nondecreasing and its limit is easily seen to be E[H (R, |a)] by stationarity,
martingale convergence theorem. Stationarity reduces the calculation to showing

lim EP[H(R,_, 0. (de1)|a)] = / H(R,(dz); 0)dR

n—oo

The measures R|_, ] (dzr1) converge to R, (dz) by the martingale convergence theorem.
The entropy is a convex lower semi continuous functional. Therefore almost surely

liminf H (R|_,, o) w(d71)|a) > H(R,(d7)|a)

n—oo

and by Fatou’s lemma

lim inf ER[H (R_,, g (di)]o)] > / H(R,(dz)|a)dR

n—oo



On the other hand by the properties of entropy

ER[H(R[_n,OLw(dwlﬂa)} = sup [ER[V(:c_n, e, 0, X1)
V=V(z_n,...,x0,21)

— log ER[/exp[V(!L‘m .oy 20, $1)]O&(dl‘1)]j|

IN

sup | BRIV (w.1)] ~ o B[ explV (,zvla(den)]|

|4
= / H(R,(dz)|a)dR

Now we turn to the proof of the lower bound. We first note that entropy Ip(R) is linear
in R. The conditional probability R,(dz1) can be chosen universally. The is a bit of
soft, but correct reasoning. The ergodic measures live on mutually disjoint subsets. So
define R, differently on different sets, but call it the same. It then works for convex
combinations which is every thing. Therefore it is enough to prove the lower bound for
R that is ergodic. Neighborhoods are defined by finite dimensional distributions. Let us
say we want k dimensional distribution of the empirical process to be close to that of R.
There is a (k — 1) Markov process Ry with k dimensional distribution matching that of R.
Ip(Ry) < Ip(R). It has a conditional density 7 (z|x1, z2, ..., Tr—1) With respect to o and
if we tilt by exp Z?;ol log r (k|21 22, .., Tjyk—1) We get the lower bound.



